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ABSTRACT

In literature, many researchers have exploited the concept of Lichnerowicz cohomology rings to study the
topological invariants and properties of a manifold with differentiable structure. Lichnerowicz cohomology is
also commonly known as Morse-Novikov cohomology which is defined as the ring of closed forms that are not
exact by twicking the usual differential operator d by a closed 1−form τ as d + τ∧. This article is on the
relationship between the computation of Morse-Novikov cohomology compared with de Rham cohomology on
some low dimensional manifolds along with homotopy axiom, and Mayer-Vietoris sequence.
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1 Introduction

Let M be a manifold with differentiable structure of dimension k; denote by Λp(M) the set of all degree p
differential forms on M and the de Rham cohomology ring is denoted by Hp(M). Let τ be a closed 1-form not
necessarily exact forming the twisted operator dτ = d+ τ∧ : Λp(M)→ Λp+1(M). It can easily be varified that
dτ ◦ dτ = 0. The cochain complex (Λ∗(M), dτ ) of the manifold M is known as the Morse-Novikov complex.
The Morse-Novikov or Lichnerowicz cohomology rings of M are the cohomology rings Hk

τ (M) of this cochain
complex. Here, we summarize some results from the literature that shows the usefulness of Morse-Novikov
cohomology. To study poisson geometry, Lichnerowicz in [1] studied the morse novikov cohomology at first.
The zeros of the form τ has a combinatorial relation with ranks of these cohomologies which has been used to
give a generalization of the Morse inequalities in [2] and [3]. An analytic proof of the real part of the Novikov’s
inequalities has been studied by Pazhintov [4]. Witten exploited exactness of τ to his famous invention Witten
deformation in [5]. Shubin and Novikov applied the Witten deformation to a rigorous anlysis of limits of
eigenvalues of Witten Laplacians for vector field and some more generalized 1-form in [6] and [7]. For 1-forms
with non isolated zeros and vector fields Braverman and Farber [8] generalized them. See [9] for more on this
topics. Otiman in [10] studied Lichnerowicz cohomology for special classes of closed 1-forms. An important
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result in this connection due to Chen in [11], proved that a Riemannian manifold M with almost non-negative
sectional curvature and nontrivial first de Rham cohomology ring has trivial Morse-Novikov cohomology ring
independent of the closed non-exact 1-form τ . In [12], Meng proved the Leray-Hirsch theorem for Morse-Novikov
cohomology and for Dolbeault-Morse-Novikov cohomology on complex manifolds, a blowup formula. Locally
conformal symplectic manifolds has also been studied using Morse-Novikov cohomology theory in [13], [14], and
[15]. The sole purpose of this article is to compute Morse-Novikov cohomology of some low dimensional manifolds
which is not found in literature usually. Using d+ τ∧ as the differential for a closed 1-form τ , we compute the
Morse-Novikov cohomology rings compared to de Rham cohomology rings of some low dimensional standard
differentiable manifolds whose isomorphism classes turn out to be homotopy invariants. This manuscript is
composed from my doctoral thesis [16].

2 Morse-Novikov Cohomology

Let M be a manifold with differentiable structure of dimension k; denote by Λp(M) the set of all degree p
differential forms on M and the de Rham cohomology ring is denoted by Hp(M). Let τ be a closed 1-form not
necessarily exact forming the twisted operator dτ = d+ τ∧ : Λp(M)→ Λp+1(M). where d is the usual exterior
derivative. Since d ◦ d = d2 = 0, τ ∧ τ = 0,and d(τ ∧ ν) = dτ ∧ ν − τ ∧ dν for any p-form ν, it can easily be
varified that dτ ◦ .τ = 0. The cochain complex (Λ∗(M), dτ ) of the manifold M is known as the Morse-Novikov

complex. The Morse-Novikov or Lichnerowicz cohomology rings of M are the cohomology rings Hk
τ (M) of this

cochain complex. Let dτp be the restriction of dτ to Λp (M). The cohomology ring is defined as

Hp
τ (M) =

ker(dτp)

im(dτp−1)
.

This cohomology ring is also known as Lichnerowicz cohomology ring [1].

Example 1. Let S1 be the circle with its standard differentiable structure, consider dτ = d + τ∧, where
[τ ] = dθ ∈ Λ1(S1), and φ be a dτ closed zero form (Zeroth forms are all differentiable functions on a manifold).
Since φ is dτ closed, dτφ = 0. Then

dφ+ φθ = 0

⇒ φ = µe−θ,

where µ is an integrating constant. Since all functions of the circle is periodic, f = µe−θ does not define a
function unless µ = 0. Therefore ker(dτ ) ⊂ Λ0(S1) is empty. Hence H0

τ (S1) is trivial.
Since Λ2

(
S0
)

is empty, any 1−form on S1 is dτ -closed. Let φ (θ) dθ ∈ τ1(S1) be exact. Then there exists
zero form ψ such that dτψ = φ(θ)dθ. To solve this equation we may consider the fourier series expansions
ψ(θ) =

∑
αme

imθ and φ(θ) =
∑
βne

inθ. It turns out that ψ(θ) =
∑ βn

in+1e
inθ, and φ(θ)d(θ) is dτ exact. Notice

If φ has rapidly decreasing coefficients in its Fourier expansions, so has ψ. Hence H1
τ (S1) is also a trivial ring.

Since Λp(S1) is empty for all p ≥ 2,then Hp
τ (S1) is trivial for all p ≥ 2.

Remark 1. It is known that S1 has almost non-negative sectional curvature, from the main theorem of [12],
we may conclude that all Morse-Novikov cohomology of circle vanish.

Proposition 1. If τ and µ = τ + dφ are cohomologous in H1(M), For each p, the map [µ] 7→
[
e−φµ

]
is an

isomorphism of Morse-Novikov cohomology rings Hp
τ (M) and Hp

θ (M)

Hp
τ (M) ∼= Hp

µ(M).

Remark 2. If the manifold is equipped with a Riemannian structure with a particular metric on the tangent
bundle, it is sufficient to choose the harmonic representative τ in a cohomology [α] class to compute all pos-
sible Hk

α(M), for every closed form is cohomologous to a harmonic form, one could always pick the harmonic
representative [17].

Proof. Then there exists ψ ∈ H0(M), such that µ − τ = dψ. The map φ : Hp
τ (M) → Hp

µ(M) defined as

φ([α]) =
[
e−ψα

]
is well-defined ring homomorphism. since

(d+ µ∧)
(
e−ψα

)
= (d+ τ ∧+dψ∧)

(
e−ψα

)
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= e−ψ (d+ τ∧) (α) ,

for all α ∈ Hp
τ (M).

Suppose α,β∈ Hp
τ (M) are cohomologous. Then there exists ν ∈ Hp−1

τ (M) such that α − β = (d+ τ∧) ν.
We have

φ ([α− β]) = [e−ψ (d+ τ∧) ν]

⇒
[
(d+ µ∧)

(
e−ψν

)]
= [0] .

Similarly if φ([α]) = 0, Then [α] = 0 ∈ Hk
τ (M), and φ is one to one.

If [α] ∈ Hk
µ(M) then we find similarly that

[
eψα

]
∈ Hp

τ (M), so that φ onto.

Corollary 1. Let τ be an exact 1-form, the Morse-Novikov cohomology ring Hp
τ (M) and the de Rham coho-

mology ring Hk(M) are isomorphic. i.e,
Hk
τ (M) ∼= Hk(M),

for each p.

Corollary 2. If all closed one forms on a manifold is exact, i.e, the first de Rham cohomology group H1(M) = 0,
then for each p the Morse-Novikov cohomology rings satisfy Hp

τ (M) = Hp(M).

Example 2. Since the de Rham cohomology ring H1(Sn) vanishes, For n ≥ 2, the Morse-Novikov cohomology
Hp
τ (Sn) = Hk(Sn) for each p. The same result Hp

τ (Rn) = Hp(Rn) for p > 1 holds for Rn.

Corollary 3. The abelianization of first fundamental group of a manifold π1(M) is isomorphic to the de Rham
cohomology group of the manifold. If it is finite, Morse-Novikov cohomology rings are isomorphic to the de
Rham cohomology rings.

Proof. The abelianization of π1(M) is isomorphic to the homology group H1(M,Z). The universal coefficient
theorem for singular cohomology with integer coefficients states that the singular cohomology H1(M,R) of
the manifold M is isomorphic to Hom (H1 (M,Z) ,R). A homomorphism into the set of integers from a finite
group is the zero homomorphism, and refuging to the de Rham theorem H1(M,R) = H1(M) ∼= 0, we have
H1(M,R) = 0.

Example 3. Since the first homotopy group of real projective space is finite

π1(RPn) = Z2

, then Hk
τ (RPn) ∼= Hk(RPn) for all k and any closed 1-form τ .

Lemma 1. Let M be a smooth, τ is not exact if and only if the Morse-Novikov cohomology H0
τ (M) = {0}.

Proof. Assume H0
τ (M) 6= {0} for a closed 1-form τ . There exists a nonzero function φ ∈ C∞ (M) for which we

have

dτφ = 0

⇒ dφ+ φτ = 0

⇒ d

(
log(

1

φ
)

)
= τ.

Therefore τ is exact. On the other hand, assume that τ is exact. There is a function ψ ∈ C∞ (M) such that
dψ = τ . Then we have

dτ
(
e−ψ

)
= −e−ψdg + e−ψdψ = 0,

hence we conclude H0
τ (M) 6= {0}.

Example 4. Computation of the Morse-Novikov cohomology rings of the torus T2 = {(x, y) ∈ R2}/2πZ2 using
the idea of periodic functions and their fourier series expansion. Suppose an 1-form τ that is closed but not
exact. We know the de Rham cohomology ring of torus is spanned by the differential forms {1, dx, dy, dx∧ dy},
where x and y are coordinates on the torus, with coefficients in R, and H1(T2) = {[αdx+ βdy] |α, β ∈ R}.



166 Islam / GANIT J. Bangladesh Math. Soc. 40.2 (2020) 163-170

We present a detail computation of Hk
τ (T2) for τ = dx. For an arbitrary τ = αdx + βdy, the computation is

analogous but requires huge manipulations.
If φ ∈ H0

τ (T2) is closed, i.e, dτφ = 0, then

dφ+ φdx = 0⇒ φ = µe−x

Notice φ(x, y) = ce−x is a periodic function only when c = 0. Therefore, we have no dτ closed function on T2.
whence H0

τ (T2) is trivial.
For the computation of H0

τ (T2) consider the following functions defined in fourier series expantions

f(x, y) =
∑
m,n∈Z

frsne
i(rx+sy),

α(x, y) =
∑
r,s∈Z

αrse
i(rx+sy),

and

β(x, y) =
∑
r,s∈Z

βrse
i(rx+sy)

in H0
τ

(
T2
)
. If χ = αdx+ βdy ∈ H1

τ (T 2) and dτχ = 0 then

−∂α
∂y

+
∂β

∂x
+ β = 0

−inαrs + irβrs + βrs = 0

βrs =
isαrs
ir + 1

.

Particularly βr0 = 0 for each r.
Notice The differential equation dwφ = χ = αdx+ βdy has a solution whenever∑

r,s∈Z
(irfrs + frs − αrs)ei(rx+sy)dx+

∑
r,s∈Z

(isfrs − βrs)ei(rx+sy)dy = 0

⇒ irfrs + frs − αrs = 0,

and isfrs − βrs = 0 for each pair of integers r, s ∈ Z. It follows that φrs = αrs

ir+1 = βrs

is , for n 6= 0. Therefore

the one form χ = αdx+ βdy is dτ exact. Hence H1
τ (T1) = 0.

For the computation of H2
τ (T2), assume ω = ηdx ∧ dy ∈ H2

τ (T2) is any 2-form for some smooth function η.
Notice dτω = 0. If ω is dτ−exact, then there is an 1−form χ = αdx+βdy such that dτχ = ω, for some smooth
functions α and β. It follows that dτχ = ω if and only if

(−∂α
∂y

+
∂β

∂x
+ β − ν)dx ∧ dy = 0

⇒ −∂α
∂y

+
∂β

∂x
= η − β

⇒ dχ = γdx ∧ dy,

where γ = η − g. Then Stokes theorem states that dτ = γdx ∧ dy have global solution on T2 if the integral of

η − g vanishes, which is obtained by choosing the function β =

∫
T2 η

vol(T2)
. Hence H2

τ (T2) = 0. Since T2 is two

dimensional H1
τ (Tp) = 0 for all p ≥ 3.

Remark 3. It is also known that T2 has almost non-negative sectional curvature, from the main theorem of
[12], we may conclude that all Morse-Novikov cohomology rings of T2 are trivial.

Definition 1. Assume N and M are smooth manifolds and I = [0, 1] is the unit interval. The smooth maps
φ, ψ : N → M are smooth homotopic, if there exists a smooth map G : N × I → M so that G(y, 0) = (y) and
G(y, 1) = ψ(y). In other words one map smoothly deforms in to the other map.
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Example 5. Suppose , ψ : N → Rn are smooth maps, and define G(y, τ) : M × R → Rn as G(y, τ) =
(1 − τ)φ(y) + τψ(y). It is easy to notice that the map G defines a homotopy between the maps φ and ψ.
Therefore they are smooth homotopic. This homotopy is usually known as straight line homotopy in Euclidian
spaces.

Definition 2. A smooth homotopy equivalence between two manifolds N , M is a pair smooth maps φ : N →M
and ψ : N →M such that φ ◦ ψ is homotopic to identity map of M and ψ ◦ φ is homotopic to the identity map
of M . In this case M and N are called homotopy equivalent, or they are of the same homotopy type.

Notice that the binary relation defined on the set of all smooth manifolds by the homotopy type is an
equivalence relation. Diffeomorphic manifolds are in the same homotopy class and the homotopy is induced
from the diffeomorphism.

Example 6. The space Rn+1 − {0} and the sphere Sn have the same homotopy class. Consider i : Sn →
Rn+1 − {0} is the inclusion map and θ : Rn+1 − {0} → Sn is given as θ(y) = y

‖y‖ . Then obviously θ ◦ i is the

identity map of Sn and straight line provides a homotopy between i ◦ θ and the identity of Rn+1 − {0}. More
over notice that θ and i are inverses of one to the other.

Let θ : M → N be a map., and f : N → R be a function. The pullback f∗ : M → R of the map f is defined
by f∗(x) = f(θ(x)). It can be shown that the standard differential operator pullback commutes with d. In
other words df∗ = f∗d. In a similar way the pull back of differential form is defined.

Proposition 2. If G : M → N is smooth, τ ∈ H1(N), and τ ∈ Hk
τ (N), then G∗dττ = dF∗τF

∗τ .

Proof. Let τ be a smooth k-form on N . Then

dG∗τG
∗τ = d (G∗τ) +G∗τ ∧G∗τ

= G∗ (dτ) + F ∗ (τ ∧ τ)

= G∗ (dτ + τ ∧ τ) = G∗dττ.

Since d commutes with pull back, it can be shown that a smooth map φ : N →M pulls back a closed form
into a closed form, and an exact form into an exact form.

Proposition 3. Let φ : N ⇒ M be smooth, the pullback φ∗ : Hp(M) → Hp(M) provides a linear map
φ∗ : Hk

τ (M)→ Hk
φ∗τ (M) in Morse-Novikov cohomology, defined by φ∗ ([τ ]) = [φ∗τ ].

Proof. By its definition φ∗ is linear. We have to show that the map φ∗ maps closed forms to closed forms and
exact forms to exact forms. But we have

dφ∗τ (φ∗τ) = φ∗dττ

= 0,

for any [τ ] ∈ Hk
τ (N). The rest of the conclusion of the proposition follows from this.

We are in a position to describe the smooth homotopy invariance of Morse-Novikov cohomology. The
homotopy axiom for the Morse-Novikov cohomology.

Proposition 4. Suppose φ : N →M , and ψ : N →M are homotopic, and τ be a closed 1-form on M . There
exists a positive function µ : N → R such that

φ∗ = µψ∗ : Hp
τ (M)→ Hk

φ∗τ (M),

for all p.

Proof. Since there is a homotopy between the maps φ and ψ, homotopy axiom of de Rham cohomology provides
that they induce the same map in de Rham cohomology. Hence the pull back φ∗τ ,ψ∗τ ∈ H1(N) of the closed
1-form τ ∈ H1(N) are cohomologous. And there is a function ν : N → R such that ψ∗τ − φ∗τ = dν. Define
µ = eν . From the Proposition 1, it follows that [µψ∗α] = [φ∗α] ∈ Hk

φ∗τ (N), for a dτ closed form α on M .
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Corollary 4. If φ : N →M is a smooth homotopy and 1-form τ is closed , then the Morse-Novikov cohomology
rings H∗τ (N) and H∗f∗τ (M) are isomorphic.

Hp
τ (N) ∼= Hp

f∗τ (M),

for all p.

Proof. We have the following linear maps

H∗τ (N)
φ∗

→ H∗φ∗τ (M)
ψ∗

→ H∗psi∗φ∗τ (N).

By the homotopy axiom of Morse-Novikov cohomology, a positive function µ : N → R gives ψ∗φ∗τ = τ+d(ln(µ)).
It follows

IM = µψ∗φ∗ = µ (f ◦ ψ)
∗

: H∗τ (N)→ H∗τ (N).

Similarly, a positive function µ̄ : M → R gives φ∗ψ∗τ = τ + d(ln(µ̄)). It follows

IN = µ̄φ∗ψ∗ = µ (ψ ◦ φ)
∗

: H∗τ (M)→ H∗τ (M).

Hence φ∗ and ψ∗ are isomorphisms for multiplication by a positive function is an isomorphism of Morse-Novikov
cohomology.

Corollary 5. Let G be a deformation retraction from M to S, and λ : M → S be the retraction λ(x) = G(y, 1),
where S be a submanifold of the manifold M . Then λ∗ : H∗τ (S) → H∗λ∗τ (M) is an isomorphism in Morse-
Novikov cohomology induced from λ.

Proposition 5. Mayer-Vietoris sequence of Morse-Novikov cohomology.

Proof. Since the restriction map to open subsets of a manifold commutes with the differential dτ , we can
construct a Mayer-Vietoris long exact cohomology sequence for the Morse-Novikov cohomology in a similar
fashion for de Rham cohomology which connects the cohomologies of the manifold with that of the open
submanifolds. Suppose M = P ∪Q, where P , Q are open submanifolds of M . Then it can be shown that the
following cochain complexes.

0→ (τ∗(M), dτ )
α→
(
τ∗(P )⊕ τ∗(Q), dτ |P ⊕ dτ |Q

)
β→
(
τ∗(P ∩Q), dτ |P∩Q

)
→ 0

are short exact sequence, where α is the restriction homomorphism induced from the inclusion i : P →M and
β is the difference homomorphism induced from the inclusion map j : P ∩Q→M ,

α(τ) 7→
(
i∗P τ, i

∗
Qτ
)
,

and
β (τ, η) = j∗|Q η − j∗|P τ.

[18] Homological algebra proves that a short exact sequence of cochain complexes provides a long exact sequence
in cohomologies. Let ρP , ρQ is the partition of unity for the open cover U, V , the following long exact sequence

· · · → Hp
τ (M)

α∗→ Hp
τ |P (P )⊕Hp

τ |Q(Q)
β∗→ H∗τ |(P∩Q)

δ∗→ Hp+1
τ (M)→ · · ·

Mayer-Vietoris sequence of Morse-Novikov cohomology holds. The connecting homomorphism are defined by
δ∗[τ ] = [−dτ (ρQτ)] on P and δ∗[τ ] = [−dτ (ρP τ)] on Q, and

α∗([τ ]) = ([τ |P ], [τ |Q]),

β∗([θ], [η]) = [θ|P∪Q]− [η|P∪Q],

Remark 4. Proposition 5 is pretty handy to compute the Morse-Novikov cohomology of a manifold from the
cohomology of its open submanifolds that are simpler manifolds in the sanse that we may compute their coho-
mologies much easily.
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3 Conclusions

The computational techniques from this article may be useful to find the Morse-Novikov cohomology of
manifolds which are not considered here. Specially, Homotopy axiom and Mayer-Vietoris long exact sequence
can be very handy to compute cohomology of manifolds from that of the open submanifolds of the manifolds
along with short exact sequence.
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P. 243-274, Birkhäuser Boston, Boston, MA.

[8] Braverman, (1997). Novikov type inequalities for differential forms with non-isolated zeros, Mathematical
Proceedings of the Cambridge Philosophical Society, Vol. 122, P. 357–375.

[9] Farber M., (2004). Topology of closed one-forms, Mathematical Surveys and Monographs, Vol. 108, Amer-
ican Mathematical Society, Providence, RI 2004.

[10] Otiman A., (2016). Morse-Novikov cohomology of closed one-forms of rank 1, arXiv e-prints,
https://ui.adsabs.harvard.edu/abs/2016arXiv160701663O.

[11] Chang X., (1904). Morse-Novikov cohomology of almost nonnegatively curved manifolds, e-prints,
arXiv:1904.09759.

[12] Lingxu M., (2019). Morse-Novikov Cohomology on Complex Manifolds, J. Geom.
Anal.,https://doi.org/10.1007/s12220-019-00155-w.

[13] Vaisman I., (1982). Remarkable operators and commutation formulas on locally conformal Kähler mani-
folds, Geometriae Dedicata, https://doi-org.ezproxy.tcu.edu/10.1007/BF00148231.



170 Islam / GANIT J. Bangladesh Math. Soc. 40.2 (2020) 163-170

[14] Vaisman I., (1980). Generalized Hopf manifolds, Compositio Mathematica,
http://www.numdam.org/item?id=CM-1980-40-3-287-0.

[15] Vaisman I., (1985). Locally conformal symplectic manifolds, International Journal of Mathematics and
Mathematical Sciences, https://doi-org.ezproxy.tcu.edu/10.1155/S0161171285000564.

[16] Islam M., (2019). Morse-Novikov cohomological invariants of folliations, Ph.D thesis,
https://repository.tcu.edu/bitstream/handle/116099117/26769/22592094.pdf?sequence=1

[17] Roe J., (1998). Elliptic operators, topology and asymptotic methods, Pitman Research Notes in Mathe-
matics Series, Vol. 395, Longman Harlow.

[18] Bott R.Tu, Loring W., (1982). Dierential forms in algebraic topology, Graduate Texts in Mathematics,
Vol. 82, Springer-Verlag, New York-Berlin.


	1 Introduction
	2 Morse-Novikov Cohomology
	3 Conclusions

